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Eddy Current Testing using the Bode 100

Lukas Heinzle

Abstract:  Eddy Current Testing (ET) is a commonly used technique for surface
inspections of conducting materials. An eddy current sensor, namely a probe coil that
produces an alternating electromagnetic field, is placed next to the measurement target
(here DUT). Induced eddy currents in the material have an impact on the impedance of
the coil. Especially the inductance of the sensor is dependent on the material properties
like conductivity and magnetic permeability of the target. By measuring the inductance, it
is possible to detect flaws or conductivity variations in the material. This article covers a
theoretical calculation and a practical measurement of the sensor-inductance, which is
directly measured with the Vector Network Analyzer Bode 100.
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Figure 1: principle of Eddy Current Testing
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1 Theory of Eddy Currents

The theory of ET is based on classical electromagnetism. An external magnetic field
near a conductor according to Faraday's law induces circular currents, so called eddy
currents, inside the conductor. Due to these eddy currents, a magnetic field, which by
Lenz's law decreases the original magnetic field, is generated. Changing the original
magnetic field through the probe coil affects its impedance. The main idea of ET is to
measure the variations of the probe coil impedance. Understanding these variations
may require some more theory, which is shown in the following section.

1.1 Concept of a Current Loop

In order to understand the variations of the impedance, we start with a single-turn coil.
The derivation of the impedance of a single-turn coil in this section is based on the
approach of Zaman, Long and Gardner™. A probe coil can be treated as a
superposition of many single-turn coils which is shown in section 1.2. A current loop of
radius R is placed parallel at the height h above an infinite planar conductor of thickness
d (see figure 2). Moreover we assume the conductivity and magnetic permeability of the
conductor to be homogenous and we neglect temperature effects and external
electromagnetic fields. The sinusoidal current flowing through the loop can be described
as I(t) = I,e't.

x/ ’0 I W
nfpe—"

d] DUT

Figure 2: single-turn coil configuration

In our case it is very helpful to use cylindrical coordinates (r, ¢, z). Thus we can write the
current density, where § is the Dirac delta function and e, is the unit vector in the
azimuthal direction.
6(r—R
J(r,p,z,t) = 1(t)6(z — h)(f)e(p (1.1)
Due to the low frequency f of the loop current I(t) (w = 2nf) we neglect displacement
currents. Based on these assumptions, we can write Maxwell's equations in differential

form as:
VxXH=] (1.2)
0
__Z 1.3
VXE - B (1.3)
V.B=0 (1.4)

Also recall Ohm's law J =¢E and the relation between magnetic induction and
magnetic field B = uH where o is the conductivity and u the magnetic permeability. To
simplify our calculations, we use the concept of a vector potential™™® 4.
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In particular B =V x A with the choice of the gauge freedom as V.4 =0 (Coulomb
gauge). This gives us
9]
VX|E+—A)=0 15
(£+54) )
In general we can write E = —0A/dt + V¢, where ¢ is an arbitrary scalar potential.
Since we are neglecting external electromagnetic fields, we can set ¢ = 0 and get

2
__9 1.6
E=-54 (1.6

Equation (1.2), also known as Ampere's law, can be written as V x B = uJ = uoE. Using
the vector identity Vx V x A = V(V. A) — V2?4, we can derive:

dA
24 — 1.7
VA—,uaat (1.7)

Equation (1.7) is also called diffusion equation. For a none conducting medium we get
V2A = 0 because of the conductivity o = 0. We split our setup into four regions of
interest as shown in figure 2, such that we can state the diffusion equation for every
region. Note that the vector potential has only an azimuthal component, in particular
A = Ag,e,, since J is in azimuthal direction.

0%A 10A 0%4, A
@ @ @ @
= += + S forz>h
¢ orz2 r or dz2  r2

0?4, 104, 9%4, A,

I VZA

11 s +r 0r+azz _r_2=() for0<z<h
2 2

111 aa:lz(p{-%a;:p{-aa:;p—A—(;:la)‘uo'A(p for-d<z<0
2 2

v aA‘P+laA‘P+aA‘P_A_‘P:0 for z < —d
or? r or 0z r?

To solve the equations (I), (II), (III) and (IV) we use the technique of separating
variables which yields to a general integral solution. We show this procedure only for
equation (I1I). The other three solutions can be obtained in an analog way. For any
m € R, m called the separation variable, we can write

0%A 0?4, 104, A

¢ _; — —m? 1.8) and P2 "2y 1.9

372 lwpoA, m=4, (1.8) 572 +r 5 72 m-A, (1.9)
which is equal to equation (III). Use the separation approach A, = F(r)G(z). Thus it
follows from (1.8) and (1.9) that

O%G s m? + iwpo)G = 0 (1.10)
372 m lwuo)G = .
0*F 10F 1
4+ mr+\F = 1.11
6r2+r6r (m +r2)F 0 ( )
A solution of these equations can be written as
G(z) = A(m)exlmzﬂwuaz + B(m)e—,/m2+iwuaz (1.12)
F(r) = C(m)J;(mr) + D(m)N,(mr) (1.13)

. MICRON
Smart Measurement Solutions _ “ &B




Bode 100 - Article
Eddy Current Testing

Page 5 of 12

Here J;is the first-order Bessel function of the first kind, N; the first-order Bessel function
of the second kind (also called Neumann function) and arbitrary coefficients A,B,C, D,
which are determined by the boundary conditions. The integral solution is

A, = fw[A(m)emZ + B(m)eVmHHiwkoz] . [ ¢ (m)], (mr) + D(m)N; (mr)]dm (1.14)
0

A physically realistic situation requires the vector potential A,to be limited at the region

of interest and to vanish at infinity. Therefore we can say that A(m) = 0 at region | & IV
and C(m) = 0 in all regions which leads us to:

I Ay = fooB,e‘mz J(mr)dm forz>nh
0
1’ Ay = foo[A,,emZ + B; e ™#]J,(mr)dm for0<z<h
0
1nr Apr = '[OO[A,,,eVmZ”“’“"Z + By e VM +iousz| | (mr)dm  for —d <z < 0
0
IV’ A(pIV = .[OOAIVemzjl(mT)dm fOl' z < _d
0

The remaining coefficients are determined by the continuity conditions between the
different regions and by the loop current of the coil.

e Continuity of A, atz = h: lim, A, = lim,,y, Ay Qives
f Bie ™" |, (mr)dm = f [A,,e™ + B, e ™"]],(mr)dm (1.15)
0 0

Multiply each side by the integral operator fooo{...}]1 (m'r)rdr and using the
Fourier-Bessel identity (1.16) yields to (1.17):

f wh (mr)J,(m'r)rdr = 3n —m’) (1.16)
0 m

Ble_mh = A”emh + B”e_mh (117)

e Due to the loop current, the change of the radial component of the magnetic field
is equal to the surface current density of the loop:

lrlTrEHr _lrlgelHr =uld(r —R)

Since B=pH,B=VxAandA=A,e,we can get H, = _a;%’ o)
0A 0A
_ et ZTel - -
l 5 + 5 l ulé(r — R) (1.18)
z=h
—Bje™™" = Aj;e™" — Bje™" — ulRJ; (mR) (1.19)

e Atz =0andz=—d we should have a continuous electrical field E, = —iwA,:

limzm E(p = limzw E(p and lisz_d E(p = limzid E(p
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These two boundary conditions lead to:
_iwf [A;; + By lJy(mr)dm = —iwf [A + BiylJi(mr)dm (1.20)
0 0

[oe]

—l(i)f [A]He_ m?+iwpod + Bmevmz"'i“’“"d]h(mr)dm = —l(l)f AIVe_md ]1(Tn‘r')dm (121)
0 0

A+ By = A + By (1-22)
Allle—md + B”Ie,/m2+iwuad — AIVe—md (1.23)

e From H, continuous atz =0 and z = —d we get
limzm HT = limzw HT and lisz_d HT = limzid HT

f [mA; £ mBy]J;(mr)dm = Ay = f vm? + iwuc[Ay; + Byy)Ji(mr)dm (1.24)
0 0

f Jm? + iwuo [A,,,e‘ mitivpod _ B o mz”“’””‘i]jl(mr)dm =J mAp e ™ |, (mr)dm (1.25)
0 0

Jm? + iouo

Ay — By = T(A”I — Bir) (1.26)
/mZ + iw,uo [A”Ie— m2+iwucd _ B”Iewlm2+iwuad] — mA,Ve'md (127)

As we will see in chapter 1.2, especially region I is important. Therefore we calculate the
coefficient B; using equations (1.17, 1.19, 1.22, 1.23, 1.26 and 1.27).

Denote a = —“nz;l“”w and we can write these six equations as:
Be ™ = A;,e™ + B; e ™" (1.28)
—B,e™™ = A;;e™ — B e™™" — ulRJ;(mR) (1.29)
Ay + By = A + By (1.30)
Ape ™ + B e™ed = A, emmd (1.31)
Ay — By = a(Au — B (1.32)
alAy e ™ — By e™*?] = Apye ™ (1.33)
alA e — By e™¥d] = Ay e ™% + By e™ad (1.34)

The next step is to do some algebraic manipulations which stand for themselves.

Ay = By e?mee u j 1 v A+ By = By [ezmad Z—-l__i + 1] v Ay — By = aBy [ezmad Z t 1 -

(A — Bu) [ezmad Z—-l__i + 1] = a4y + Byp) [ezmad Z—-I__i - 1]

(A — Bple™ 4 (a+1)+a—1] = a(4; + B))[e*™*(a + 1) —a + 1]
Ay [ezm“d(a +D)+a—-1—-ale™(a+1) —a+ 1]]
=By, [a[ezm“d(a +1)—a+1]+[e?™(a+1) +a— 1]]

[ae?™ (g +1) —a’+ a + e?™ (@ + 1) + a — 1]
e?mad(g+1)+a—1—ae?™*(q+1) +a® — a]
[

Ay =By
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[ezmad(a + 1)2 _ (a _ 1)2]

A; = By [—e?mad (g2 — 1) + (a2 — 1)]
B — A (a? - D[1 - eZmad]
I — 41 [eZma’d(a + 1)2 _ (0[ _ 1)2]
—A; e™ — B em™h = A,,e™ — B ,e”™" — uIRJ,(mR)
Ap=em WR]iz(mR) B, = Ape®™" + By,
B, = emhw + e-mh uIRJ;(mR)  (a® — D[1 — e?md]
1 2 2 [e2mad (o + 1)? — (a — 1)2]

B,

— e_mh IJIle(mR) eth + (az - 1)[1 - eZmad]

2 [e2mad (¢ +1)2 — (a — 1)?]
A solution to the vector potential in region I is then

(a,Z _ 1)[1 _ eZmad]

[e?m®d (g +1)2 — (@ — 1)
If we assume that there is no conductor next to the coil, i.e. conductivity ¢ =0 or
thickness d = 0, we can set ¢ = 1. The second term in the integral vanishes and thus
the first term represents the inductance of the coil in free space. In general, this first

term does not converge and thus we only focus on the change in the vector potential
64, due to a DUT as:

A¢,=$ f J1(mR)J; (mr)e~m@+h) [ezmh+ z]l dm (1.35)
0

(CZZ _ 1)[1 _ eZmad]
[e2mad (g +1)%2 — (a — 1)?]

8A,(r,z,R,h) = gf Ji(mR)J, (mr)e-™z+N) [ l dm (1.36)
0

1.2 Principle of superposition

Until now we assumed that the current is flowing around a single-turn coil. In the
practical situation we have N windings in several layers as shown in Figure 3. By
neglecting the coil skin-effects we can mathematically describe such a configuration with
the superposition principle of a sufficiently high number of single-turn coils. This is a
valid assumption since Maxwell's equations are linear.

DUT

Figure 3: cross-section of the probe coil configuration
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By superposing single-turn coils we can derive the total change in the vector potential in
region I:

8A peocar (1, 2) = Z 84, (r,z, R, h) (1.37)
R,h

Note that R and h have discrete values R € {R1,...,R2} and h € {h1,...,h2}. The steps
between {R1,...,R2} and {h1, ..., h2} only depend on the number of windings N and the
dimensions of the housing. All other parameters such as u, o, d are assumed to be
constant.

1.3 Calculation of the Coil Impedance

So far we have described the change of the vector potential due to eddy currents. We
will first calculate the impedance of a single-turn coil and extend it for the superposed
solution. The impedance of a single-turn coil is defined by Z = U/I where U is the
potential difference and I the current flowing through the coil. According to Faraday's
law, a change of the magnetic induction B through a single-turn coil* placed at height h’
and radius R’ produces an e.m.f.> which leads to a change of the potential U. Namely

d
= — _ 1.38
- f 5B.da (1.38)
Cc
Using the vector potential A and Stokes's theorem from vector calculus we can derive
d d a . ! ! !
6U = &f (Vx64).da = E é A.dl = f aAdl = ]wA(ptotal(R ,h")2nR (1.39)
c ac ac
Hence the change of impedance for a single-turn coil at height h and radius R is:
- 2nR’ o
87 = i ——Agtorar (R, 1) (1.40)
The total impedance of the coil is:
OZrorar = ) SZ(R, ) (1.41)
R',n'

Again, R" and h' have discrete values R' € {R1,...,R2} and h' € {h1,...,h2}. Now we are
able to write a compact solution to the change of impedance due to eddy currents.

((ZZ _ 1)[1 _ eZmad]
— . / ! —m(h +h)
8Ztotal ;; leﬂR Z f Ji(mR)];(mR")e [[ 2mad (g + 1)% — (a — 1)2] dm (1.42)
A special interest lies on the coil inductance which is defined as
_ Im(Z) (1.43)
w

Which leads us to a closed form of the change of inductance

_ eZmad]

oL = Im [2 > imR'R f J(mR)J (mR")e~m K +1) [[ezrff;(; +1)1[)12 o l)z]l dm] (1.44)

R',A Rh

! Denote C as the area contained in the loop and dC as the boundary
2 Electromotive force (Faraday's law)
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For the practical measurements we use a probe coll (figure 4) similar to the one in figure
3, which is soldered to a BNC plug. Technical data:

R1=6 mm

R2=7.4 mm

H1=0.4 mm

H2=9.6 mm

Windings per layer: 25
Number of layers: 4
Total windings: 100
Strand: copper, @ 0.35 mm

2.2 Measurement Targets

Figure 4: probe coil

We will use two conducting plates (length>>probe coil diameter) as DUTs with the

following properties:
e Thickness
e Aluminum
e Copper

d = 1 mm (both)
u=1.256x% 1075 H/m
u=1.256x%10"5H/m

Figure 5: aluminum plate

2.3 Setup and Coil Inductance

0 =3.5x%107S/m
0 =586x107S/m

£

e

=

g

Figure 6: copper plate

First of all we have to set up the internal configuration of the Bode 100.

Measurement:

Start Frequency:
Stop Frequency:
Sweep Mode:
Number of Points:
Receiver Bandwidth:

Level:

Smart Measurement Solutions

Frequency Sweep Mode, Impedance
100 Hz

100 kHz

Logarithmic

401 or more

100 Hz or lower

13 dBm
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After the internal setup is done, we perform a user calibration in the impedance mode.
Now it is possible to measure the inductance of the probe coil in free space®.

110u

105u

100u

95u

90u

85u

80u

TR1H
§
?

75u

70u

65u

60u
55u

50u

=
o
R

103 104 105
flHz

mmmmmm TR1: Ls(Impedance)

Figure 7: free space inductance

The probe coil inductance has almost a constant value of 99uH over the measurement
frequency range.

2.4 Eddy Current Measurement

To show that the theoretical prediction obtained in chapter 1 agrees with the practical
measurement for an aluminum plate with a thickness of 1 mm, we have to calculate the
change of inductance. Therefore we evaluate expression (1.44) numerically. Since the
integrand factors go towards zero, the influence of them can be neglected for values of
m > 10%. The inductance of the probe coil can then be expressed as

10% 2 _ _ 2mad
> iRk f I, (R} (mR e 40| (@ — Dl - ] ]l dm]
0

2mad 1 2 _ -1 2
bt L e (a+1)? = (a—-1)

with R,R’' € {6.00,6.35,6.70,7.05,7.40} mm and h,h’' € {0.4,0.75,1.00,...,9.25,9.60} mm.
We have set up the Bode 100 as described in section 2.3 and place the probe coll
above the aluminum and copper DUT as shown in figure 8.

L ~99uH + Im

Figure 8: eddy current measurement

% No metal conductors near to the probe

%
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This leads to a change in the inductance of the probe coil.

1,1E-04

1,0E-04
T
~N
@ 9,0E-05
[
©
"] S —
S 8,0E-05 — ‘
o
=

7,0E-05

6,0E-05 f/Hz

1,0E+02 1,0E+03 1,0E+04 1,0E+05
—calculated data — measured data
Figure 9: aluminum DUT

frequency [Hz] 1.00E+02 | 5.00E+02 | 1.00E+03 | 5.00E+03 | 1.00E+04 | 5.00E+04 | 1.00E+05
€ |calc. inductance [H] 9.88E-05 | 9.62E-05 | 9.27E-05 | 8.36E-05 | 8.21E-05 | 8.07E-05 | 8.02E-05
=}
g meas. inductance [H] 9.85E-05 | 9.64E-05 | 9.34E-05 | 8.41E-05 | 8.25E-05 | 8.10E-05 | 8.01E-05
>
© |rel. error [%] 0.25% 0.28% 0.75% 0.63% 0.40% 0.41% 0.09%
_ |calc. inductance [H] 9.85E-05 | 9.36E-05 | 8.91E-05 | 8.24E-05 | 8.16E-05 | 8.03E-05 | 7.99E-05
(]
§ meas. inductance [H] 9.86E-05 | 9.45E-05 | 9.02E-05 | 8.24E-05 | 8.15E-05 | 8.01E-05 | 7.93E-05
© rel. error [%] 0.19% 0.93% 1.18% 0.06% 0.12% 0.15% 0.70%

Table 1: comparison of the calculated and measured impedance

2.5 Conductivity Measurement:

The idea of the conductivity measurement is to distinguish between the conductivity of
different materials. The result can be used to detect surface flaws or material oxidations.
To demonstrate the influence of the conductivity we will show the difference of copper
and aluminum. Therefore we place the probe coil above the aluminum and copper DUT
as shown in figure 8 and measure the inductance. Here the memory trace represents
the aluminum and the data trace the copper plate.

110u

105u

100u

95u

90u

85u

TR1MH

80u

75u

70u

65u

60u

103 104 10%
flHz
s TR1: Ls(iImpedance) === mm= TR1(Memory): Ls(Impedance)

=
o
]

Figure 10: aluminum and copper DUT (both measured)
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The same numerical evaluation as in section 2.4 gives us the following theoretical

prediction.

1,1E-04

1,0E-04

9,0E-05

8,0E-05

Inductance /H

7,0E-05

6,0E-05
1,0E+02

1,0E+03
copper DUT

1,0E+04
= = 3glu DUT

Figure 11: aluminum and copper DUT (both calculated)

f/Hz
1,0E+05

Finally we can compare the calculated and measured inductances of the probe coil.

frequency [Hz] 1.00E+02 | 5.00E+02 | 1.00E+03 | 5.00E+03 | 1.00E+04 | 5.00E+04 | 1.00E+05
o o |calc. difference [H] | 3.32-07 | 2.54£-06 | 3.536-06 | 1.196-06 | 5.29E-07 | 4.09E-07 | 2.79E-07
3 2 |meas. difference [H] | 1.09E-07 | 1.94E-06 | 3.18E-06 | 1.67E-06 | 9.56E-07 | 8.59E-07 | 7.67E-07
E § rel. calc. diff. [%] 0.34% | 2.64% | 3.81% | 1.42% | 064% | 051% | 0.35%
® 7 | rel. meas. diff. [%] 0.11% | 2.01% | 3.40% | 1.98% | 1.16% | 1.06% | 0.96%

3 Conclusion

Table 2: calculation and measurement data

In chapter 1 we have shown a theoretical calculation of the probe coil impedance based
on classical electrodynamics. The main concept was using the superposition principle
which allowed us to simplify the problem to a single-turn coil. Based on the calculations
in chapter 1 we have numerically evaluated the impedance of the probe coil. The
practical measurement with the Vector Network Analyzer Bode 100 verified the
theoretical approach as shown in Figure 9 and Table 1. As explained in the introduction,
ET is often used to detect flaws in conducting materials. A theoretical treatment of such
flaws is very difficult, sometimes impossible. In order to show how the conductivity of the
used DUT influences the probe coil inductance, we have compared a copper with an
aluminum plate. Again the measurement results, as stated in Figure 11 and Table 2,
match well with the theoretical prediction.
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